A simple speci…cation test based on fully modi…ed residuals and the CUSUM test for cointegration of Xiao and Phillips (Journal of Econometrics, 2002) are considered as means of testing for functional form in long-run cointegrating relations. It is shown that both tests are consistent under functional form misspeci…cation and lack of cointegration. A simulation experiment is carried out to assess the properties of the tests in …nite samples. The Dickey-Fuller test is also considered. The simulation results reveal that the …rst two tests perform reasonably well. However, the Dickey-Fuller test performs poorly under functional form misspeci…cation.
INTRODUCTION
Cointegration has probably been the most popular approach in analysing macroeconomic relations since it was introduced, about twenty years ago. Although the concept of cointegration is very appealing from an economic theory point of view, many data sets have failed to show evidence supporting the existence of long-run macroeconomic equilibria. Lack of evidence for cointegration in certain data sets has created doubts about the validity of the classical linear cointegration models and led some researchers to consider the possibility of nonlinearities in macroeconomic relations. Corradi, Swanson and White (2000) , Teräsvirta and Ellianson (2001) among others, This paper is based on Chapter 4 of my Ph.D. thesis at the University of Southampton. I am deeply indebted to Peter Phillips for invaluable advice and encouragement. I am grateful to Grant Hillier, Tassos Magdalinos and Jean-Yves Pitarakis for their support and for useful comments. In addition, I would like to thank the coeditor, Pentti Saikkonen and two referees for comments that have improved the original draft.
consider nonlinear short-run dynamics in Vector Error Correction Models (VECM). Nonetheless the possibility of nonlinear long-run dynamics has been largely ignored. Park and Phillips (1999, 2001 ) develop limit distribution theory for nonlinear transformations of unit root processes which provides a theoretical framework for modeling nonlinear long-run relations (see also Chang, Park and Phillips (2001) ). In their recent work Saikkonen and Choi (2004) follow the Park and Phillips (1999, 2001) exposition to model smooth transitions in long-run cointegrating relations.
The development of Park and Phillips (1999, 2001 ) enables the applied worker to use wide range of nonlinear speci…cations. Nonetheless, when it comes to applied work, the ultimate problem is to choose the appropriate model. This is exactly the problem that we address here. Two tests are considered as means of testing for Functional Form (FF hereafter) and lack of cointegration in long-run cointegrating relations. The …rst is a simple speci…cation test based on fully modi…ed residuals. The second test is the CUSUM test for cointegration proposed by Xiao and Phillips (2002) . We show that both tests diverge under FF misspeci…cation or lack of cointegration. Using some theoretical results due to Park and Phillips (1998) and with the aid of the simulation evidence provided in this paper, we argue that the Dickey-Fuller test (DF) that is widely used as a cointegration test, performs poorly under FF misspeci…cation in many cases.
The present theoretical framework is similar to that of Park and Phillips (1999) and Chang et al. (2001) . The only work that is closely related to the present, that the author is aware of, is that of Arai (2004) and Hong and Phillips (2005) who extend Ramsey's (1969) RESET test to cointegrating relations. Hong and Phillips (2005) consider scalar covariate models linear in parameter and variable, while in Arai (2004) the empirical speci…cation comprises multiple covariate models linear in parameters and variables. The present theoretical framework is more general. We consider additively separable multiple regression models, linear in parameters and nonlinear in variables. Therefore we treat linearity vs. nonlinearity as a special case. The nonlinear functions under consideration belong to the H -regular class of Park and Phillips (1999) . Park and Phillips (1999, 2001) assume that the error of the model is a martingale di¤erence sequence. We relax this assumption. Correlated errors and endogeneity are introduced by assuming the errors of the model and the errors that drive the unit root variables is a vector linear process. A semiparametric approach is followed for both tests to induce a limit distribution, under the null hypothesis, free of nuisance parameters. Our approach is similar to that of Xiao and Phillips (2002) . The …tted model is estimated by a Fully Modi…ed Least Squares (FM-LS) type of estimator and the sample moments of the test statistics are corrected for endogeneity bias.
We derive the limit distribution of the tests under the null hypothesis (correct FF) and we obtain divergence rates under the alternative hypothesis (incorrect FF or lack of cointegration). Under the null hypothesis, the …rst test (CM) has a chi-square limit distribution while the CUSUM test (CS) has a limit distribution speci…c to the …tted model, similar to the one reported by Xiao and Phillips (2002) . Under the alternative, the residuals of the …tted model are dominated by some transformation of a unit root process, which typically is of a higher order of magnitude than the residuals of a correctly speci…ed model. The underlying feature of the tests under consideration is that they can detect abnormal ‡uctuation in the residuals. The divergence rates under the alternative hypothesis depend on the bandwidth used, for the estimation of long-run covariance matrices.
We expect that other FF tests can be used in this framework. The simulation results of Kim, Lee and Newbold (2005) suggest that several linearity test statistics diverge under lack of cointegration, indicating FF misspeci…cation. Kim, Lee and Newbold (2004) interpret this as "spurious nonlinearity". Nonetheless, this phenomenon is not a nuisance as it implies that various tests for functional form can be used as cointegration tests. After all, lack of cointegration can be seen as FF misspeci…cation.
The DF test performs poorly under FF misspeci…cation. The DF test has been widely used as a cointegration test. When the …tted model is of incorrect FF, it would be desirable that the DF test favours the unit root hypothesis as this would indicate that the …tted model is inadequate. If the DF test is applied to the residuals of model that is misspeci…ed in terms of FF, in many cases the unit root hypothesis is rejected, although the residuals are not stationary. The DF test is designed to detect unit root processes. Under FF misspeci…cation the residuals are dominated by nonlinear transformations of unit root processes. An explanation for the poor performance of the DF can be found in the work of Park and Phillips (1998) . Park and Phillips (1998) analyse the limit behaviour of the DF test statistic, when it is applied to a series, which is a nonlinear transformation of a unit root process. In particular they consider integrable and three H -regular transformations namely, indicator, logarithmic and polynomial functions. For integrable and indicator functions they …nd, that the DF test statistic diverges to minus in…nity, therefore favouring the alterative of stationarity with probability approaching one as the sample size increases. For logarithmic and concave polynomial functions, the limit distribution involves negative components making the test biased towards the alternative of stationarity. Only for convex polynomial transformations the DF tends to favour nonstationarity. These theoretical results are con…rmed by our simulation experiment.
The rest of this paper is organised as follows. In Section 2 our theoretical framework is speci…ed. In Section 3 our testing procedures are presented and their properties derived. Section 4 provides some simulation results and Section 5 concludes. Before proceeding to the next section, some notation is introduced. If the matrix A is positive de…nite, that is denoted by A > 0. Further, diag(A 1 ; :::; A m ) is a block diagonal matrix with blocks A i . For a matrix A = (a ij ), kAk = (max i;j ja ij j). For a function f , which can be matrix-valued, kf k C = sup x2C kf (x)k. For a possibly matrix-valued random variable x, kxk p (p 2 N) is its L p -norm. As usual for a function f , _ f denotes its …rst derivative with respect to its argument. Finally IfAg is the indicator function of a set A.
THEORETICAL FRAMEWORK
We assume two alternative data generating mechanisms for the series fy t g n t=1 :
or:
where f and s belong to the H -regular family, the variables x t and z t are unrelated unit root processes, and u t is some stationary error term which is speci…ed in detail later. The …rst model postulates that y t is cointegrated, possibly in a nonlinear way, with some variables of interest (x it 's). On the other hand if (2) holds, y t is not cointegrated with x t . When the latter is the case, it is usually assumed in the literature (e.g. Xiao and Phillips, 2002 ) that y t is a unit root process, z t say, that is unrelated to the regressors (x it 's). Here y t is a nonlinear transformation of such a process. In this way y t is allowed to be of di¤erent order of magnitude than z t . Clearly when s is linear, y t is a unit root process. The …tted model is given by:
where g i 's are H -regular functions, possibly di¤erent than f i 's. For notational convenience, f (x t ), s(z t ) and g(x t ) in (1), (2) and (3) may be written as f t , s t and g t respectively.
Next, the variables, that appear in (1), (2) and (3), are speci…ed in detail. The variables x 0 t = (x 1t ; :::; x pt ) and z t are unit root processes given by:
The following assumption about u t ; v t and w t holds: Assumption 1. The sequence e 0 t = (u t ; v 0 t ; w t ) is a linear process given by:
and the following hold:
(ii)The random sequence t satis…es the following conditions:
(b) The sequence t is i.i.d. with E k t k l < 1 for some l > min (8; 4=(1 2b)), with 0 b < 1=3. Further, t has distribution absolutely continuous with respect to Lebesgue measure and has characteristic function '( ) = o(k k ) as ! 1.
For v t ; u t and w t de…ne the usual partial sum processes: (U n (r); V 0 n (r); W n (r)) = n 1=2 P [nr] t=1 (u t ; v 0 t ; w t ) with 0 r 1. In addition, (U (r); V 0 (r); W (r)) is a (p + 2)-dimensional Brownian motion with covariance matrix = P 1 k= 1 E e t e 0 t+k and one-sided covariance matrix = P 1 k=0 E e t e 0 t+k . Under Assumption 1, the strong approximation Next, we specify in detail the functions that appear in (1), (2) and (3). As mentioned earlier, the functions under consideration are con…ned to the H -regular family of Park and Phillips (1999) . The H -regular family comprises of transformations that are asymptotically homogeneous. An H -regular transformation f say, behaves as
where the functions h f and k f are the so called limit homogenous function and asymptotic order of f , respectively. The limit homogenous function satis…es certain regularity conditions. Functions that do so are called by Park and Phillips (1999) "regular". The asymptotic results provided by Park and Phillips (1999) for regular transformations are extended by de Jong (2004) to a more general class of transformations that comprise of locally integrable functions with …nite many poles and which are monotone between poles 1 . Due to the introduction of weak dependence, the asymptotic theory for sample covariance terms is di¤erent, than that originally developed by Park and Phillips (1999, 2001) . A relevant asymptotic result is provided by de Jong (2002), Saikkonen and Choi (2004) and Ibragimov and Phillips (2004) . In order to obtain asymptotic power rates for the tests, we need a certain generalisation of this asymptotic result along the lines of Phillips (1991) . This generalisation is provided in Appendix A. The three aforementioned papers impose certain smoothness restrictions on the functions under consideration. A similar approach is followed here. We restrict our functions to a subset of the H -regular class of Park and Phillips (1999) . Our smoothness assumptions are shown below:
As usual, h f and k f are the limit homogenous function and asymptotic order of f respectively. Moreover, note that when f is a p-dimensional vector, k f and _ f are (p p) diagonal matrices. Condition (iiib) in Assumption 2 is a smoothness condition similar to the one in de Jong (2002) 2 . To obtain the limit distribution of the test statistics under correct speci…cation, we employ Assumption 2(i)-(iiia). The particular limit results can be also established under Assumption 2(i)-(ii) and (iiib) with b = 0. To obtain power rates under misspeci…cation, we make a stronger smoothness assumption. For this case, we employ Assumption 2(i)-(ii) and (iiib). The convergence rate of the sequence j n is determined by l, i.e. the order of …nite moments of the process t . In general, for a large b, a large l is required.
Next, FF misspeci…cation and lack of cointegration are de…ned precisely. (ii) The …tted model (3) is of incorrect FF, when the true model is given by (1) and g i (:) 6 = f i (:), for some i = f1; :::; pg and one of the following conditions hold:
C1: g i (:) f i (:) = q i (:), q i satis…es Assumption 2 and
There is no cointegration, when the …tted model is given by (3) and the true model by (2).
Condition C1 postulates that some term is correctly speci…ed up to some lower order H -regular component, while C2 postulates that a …tted component does not agree in asymptotic order with its counterpart at all. The possibility of having a second cointegrating relationship between f 1 (x 1t );...; f p (x pt ), is ruled out. It is obvious from De…nition 2 that the present theoretical framework does not allow for omitted or redundant variables. An extension of the subsequent results in that direction is possible but is not attempted here, as it would result in more complexity in our presentation.
Saikkonen and Choi (2004) consider cointegrating models with smooth transition functions, which typically are distribution type of functions. As shown by Park and Phillips (2001) , the parameters of these functions lack identi…cation, when the covariates are unit root processes. Saikkonen and Choi (2004) avoid the identi…cation problem by considering models where the covariates are normalised by the square root of the sample size. The present framework does not cover …tted models of this kind, because they are nonlinear in parameters. Limit results for the Nonlinear Least Squares estimator under FF misspeci…cation in models with unit roots have been derived by the author and some extensions of the current results along these lines are possible. Nonetheless, models with normalised variables create extra complications. To obtain asymptotic power rates for this kind of models, development of second order asymptotic theory for H -regular transformations is required.
TESTS
The main focus in this section is to develop two speci…cation tests as means of testing for FF in the theoretical framework of Section 2. Both tests are residual based. When the errors of the model are martingale di¤erences (e.g. Park and Phillips, 2001) , the …rst test under consideration belongs to the Conditional Moment (CM) class of Newey (1985) . Under Assumption 1 though, such moment conditions do not hold, because the covariates are endogenous. Nonetheless, for purposes of brevity, we call the …rst test CM. The second test is the CUSUM test (CS) for cointegration of Xiao and Phillips (2002) , generalised to cope with …tted models that are nonlinear in variables. The underling feature of the CM and CS tests is that they can detect abnormal ‡uctuation in the residuals that typically arises under misspeci…cation. The limit properties of the tests are derived under correct FF, incorrect FF and lack of cointegration. Because under our assumptions the limit distribution theory is not mixed normal, t-tests and the usual likelihood based tests do not have pivotal distributions under the null hypothesis 3 . In addition the limit distribution of non standard tests like the CUSUM test involve nuisance parameters. To resolve this problem the model is …tted by a FM-LS type of estimator and an endogeneity correction term is introduced in the statistic. To obtain the estimator and the correction term, kernel estimators for uu , vv , vu , vu and vv are used:
where (:) is some kernel on [ 1; 1] such that (0) = 1 and M n is a bandwidth such that
and C vu (h) = n 1 P 0 t v tût+h , whereû are the residuals from LS estimation and P 0 t is summation over 1 t, t + h n (e.g. C uu (h) = n 1 P n t=h+1û t hût for h 0 and C uu (h) = n 1 P n t= h+1û tût+h , for h < 0). Consistency results for this kind of kernel estimators can be found in Jansson (2002) .
The estimator under consideration is due to de Jong (2002) and resembles the original FM-LS estimator introduced by Phillips and Hansen (1990) . Before the estimator is presented, the following quantities need to be de…ned:
. Under correct speci…cation, the following result holds:
vv vu and suppose that Assumption 1 and Assumption 2 hold. Then under correct FF, as n ! 1
Notice that the limit distribution of the estimator is mixed normal as V and U + are independent.
Both of the tests under consideration are residual based. An endogeneity bias correction term is introduced in the residuals of the …tted model giving the so called fully modi…ed residuals (û + t ) de…ned as:
Before we present the test statistics, we introduce some notation. Let w be a weight function of the form w(x 1 ; :::; x p ) = P p i=1 w i (x i ) (additively separable), with each w i being H -regular of asymptotic order k w , satisfying Assumption 2. De…ne the matriceŝ A n ,B n , A, B,^ + , + and their inverses, when they exist, as follows:
The CM and the CS test statistics are:
i 2 and CS n = max m=1;:::;n
Remark: (a) The use of the weight functions (w) in the CM test statistic creates additional nuisance terms in the limit, that need to be corrected to obtain a pivotal test. The term _ w n is employed to correct the particular nuisance terms. (b) One may wish to employ weights in order to enhance power against certain alternatives (see for example Bierens, 1990 Bierens, , p.1446 . Nonetheless, weight functions are particularly useful, when an intercept is included in the model. For this case, the CM test would be invalid if no weights were employed, as the sum of the Least Squares (LS) residuals is zero by the …rst order conditions of the LS problem 4 .
The behaviour of the tests under the null hypothesis is shown in the theorem below. THEOREM 1. Let B; + > 0 and suppose that Assumption 1 and Assumption 2 hold. Then under correct FF we have, as n ! 1
where
The limit distribution of the CUSUM test is free of any nuisance parameters and resembles the one derived by Xiao and Phillips (2002) . If h g is allowed to be linear in the expression above, U (s) will be as in Xiao and Phillips (2002) . Note that the distribution of the CUSUM test is not standard and simulations are required to obtain critical values. Moreover, the limit distribution is speci…c to the …tted model and therefore di¤erent critical values are required for di¤erent models. This makes the test somewhat impractical, when the …tted model is nonlinear. Nonetheless, it can be easily implemented as a linearity vs. nonlinearity test. On the other hand the CM test has standard limit distribution irrespective of the empirical model employed. Next we examine the asymptotic power of the tests. The behaviour of the test statistics under the alternative hypothesis is shown by the following result: THEOREM 2. Let B, + > 0, M n = bn b c and suppose that Assumption 1 and Assumption 2 hold. Then under incorrect FF or no cointegration we have, as n ! 1:
for any nonstochastic sequences 1n and 2n such that
The divergence rates in both cases are bandwidth dependent. For the …rst test, the divergence rate is the same as the rate of the RESET test of Hong and Phillips (2005) . The divergence rate of the CUSUM test is the same as that reported by Xiao and Phillips (2002) , when there is lack of cointegration in the linear framework. None of the tests are consistent, when the true model is an integrable transformation of a unit root process. The inconsistency of the DF test can be explained by the results of Park and Phillips (1998) . In addition, it can be shown that the CM and CS test statistics are bounded in probability under the alternative hypothesis. The regression residuals, under this kind of misspeci…cation, are driven by integrable components, which are known to exhibit weaker signal than that of a stationary process (see Park and Phillips, 1999) . Consequently, the ‡uctuation in the residuals under the alternative hypothesis is the same as that under the null hypothesis and as result none of the two tests under consideration can detect this kind of misspeci…cation.
The simulation study of Xiao and Phillips (2002) reveals that, when it comes to the choice of the bandwidth parameter, there is a trade-o¤ between size and power. Andrews (1991) proposes automatic bandwidth methods. A similar bandwidth method is considered by Xiao and Phillips (2002) , where M n = 1:447(^ n) 1=3 with^ = 4^ 2 = 1 ^ 2 2 and^ is the LS estimator from the residuals autoregression. This method is inappropriate in our case. As Xiao and Phillips (2002) point out this kind of procedures are appropriate for stationary processes. In our case the regression residuals are stationary only under the null hypothesis. Xiao and Phillips (2002) suggest that, when this bandwidth method is used under lack of cointegration, M n n and as result the CUSUM test has no power. The following lemma demonstrates, that this is true here as well.
LEMMA 2. Suppose Assumption 1 holds and _ f , _ g and _ s satisfy Assumption 2. Then under incorrect FF or no cointegration we have, as n ! 1:
SIMULATION EVIDENCE
In this section a Monte Carlo experiment is performed to assess the …nite sample properties of the CM, CS and DF tests. First, we examine the size properties of the CM and CS tests and secondly, the ability of the CM, CS and DF tests to detect lack of cointegration and FF misspeci…cation. Clearly, for CM and CS this corresponds to the power of the tests. The DF test is commonly used as a linear cointegration test. FF misspeci…cation and lack of cointegration cannot be rigorously embedded in the hypothesis structure of the test. Nonetheless, it would be desirable in the presence of FF misspeci…cation that the DF test favours the unit root hypothesis, as this would be an indication that the regression residuals are nonstationary and therefore the …tted model inadequate. For this reason, the frequency with which the DF test favours the unit root hypothesis, will be used as a measure of its ability to detect incorrect FF or lack of cointegration in the nonlinear sense. We conventionally refer to it as the "power"of the DF test. All the experiments use 10,000 simulations and signi…cance level is set at 5%. The Barlett spectral window is employed for the kernel estimators. The …tted model used in the experiment is linear with a scalar covariate given by:
For the data generating mechanism, a wide range of H -regular speci…cations including threshold, polynomial, logarithmic and smooth transition models are considered. Under lack of cointegration and incorrect FF the data is generated by the speci…cations listed below:
The variables x t , z t and u t are constructed as follows: As Xiao and Phillips (2002) point out, when the autoregressive parameter ( ) is close to unity, the innovation errors become nearly integrated and this adversely a¤ects the size of the test. In order to investigate how sensitive the size of the tests is to the intensity of the innovation errors, a wide range of values is used for the autoregressive parameter. In particular, = 0; 0:2; 0:4; 0:6; 0:8 and 0:9 has been chosen.
The performance of the tests depends on the sample size and the bandwidth parameter. To achieve good size properties a large bandwidth parameter will be required, if the innovation errors exhibit strong intensity. Moreover it is apparent from our theoretical results, that a large bandwidth adversely a¤ects the power of the tests. Further, the employment of the automatic bandwidth methods proposed by Andrews (1991) results in inconsistent tests. This is because under FF or lack of cointegration^ converges very quickly to one (n-consistent). Alternatively, Sul, Phillips, and Choi (2004) propose the following rule for choosing the autoregressive parameter:~ = min ^ ; 1 n ' ; ' = 0:5:
If~ is employed instead of^ , we get CM n n 2 3
(1 2') and CS n n 1 3
(1 2') . In general, a small ' improves power but makes the size properties of the tests worse. In order to assess the extent of the trade o¤ between size and power, three values for the bandwidth are considered: M 1 = n 1=5 , M 2 = n 1=3 and M 3 = 1:447(^ n) 1=3 , wherẽ with ' = 0:1 is employed 5 instead of^ . In addition, we consider several sample sizes: n = 50; 100; 200; 300 and 500. Table 1 shows the empirical size of the CM and CS tests for several sample sizes. The …ndings are similar to those reported by Xiao and Phillips (2002) . As seen in Table 1 , the size performance of the tests is good for M = M 1 as long as 0:2, while for M = M 2 the performance is good as long as 0:4. The best performance is attained, when M 3 is employed. In particular, the size properties for both tests are quite good for 0:6. If the autoregressive parameters are restricted within this range, the performance of both tests is comparable. For larger autoregressive coe¢ cients, severe overrejection of the null hypothesis occurs, when M 1 is used, with the CM test performing better. Table 2 shows the empirical power performance of the CM, CS and DF i.e. the ability of the tests to detect lack of cointegration and FF. All three tests perform well under lack of cointegration. The DF test has the best performance in small samples while the CS test outperforms the other two tests in large samples, when the spurious regression is nonlinear and M 1 and M 2 are employed. Under functional form misspeci…cation the DF test performs very poorly. Although the residuals are nonstationary in this case, the DF test favours stationarity. The CM and CS tests perform reasonably well under FF misspeci…cation. Obviously the power of the tests varies with choice of the bandwidth parameter. Best performance is attained when M 1 is used, while in most cases the employment of M 3 does not result in a severe reduction in power.
The relative performance of the tests varies with the type of misspeci…cation. The simulation results seem to suggest that the CM test performs better for logarithmic and threshold alternatives. On the other hand the CS test performs better for polynomial alternatives and under lack of cointegration. Interestingly, for half of the cases considered in Table 2 , the CS test outperforms the CM test, despite the fact the latter attains faster divergence rates. Note that under misspeci…cation the regression residuals are dominated by some H -regular transformation, u(:) say, of a unit root process. We see that CM performs very well, when the regression residuals are dominated by some component, u(x t ), that does not change sign. If the residual process is allowed to change sign, then the CS test tends to perform better. Clearly, the larger the sample moment of the test statistic is, the better the test performs. If the function u(:) is allowed to change sign, u(x t ) exhibits the typical random walk type of behaviour. Lengthy periods in which the term is positive, alternate with lengthy periods in which the term in negative, undermining the magnitude of the sample moment of the test statistic. The CS test is more adequate in this case. The CS test adjusts the summation horizon in a way that maximises the sample moment and as result, better power performance is achieved. This becomes more apparent if one considers the limit expressions for the test statistics. As shown in the Appendix, when misspeci…cation is committed the test statistics behave asymptotically as follows:
Clearly, the magnitude of the integral terms in the expressions above a¤ect the power of the test. The CS test maximises the integral term with respect to the integration horizon. We expect that other speci…cation tests may also perform well. For instance, the underling principle behind a MOSUM test that uses fully modi…ed residuals is similar to that of the CS test. The KPSS test (e.g. Shin, 1994) can detect abnormal ‡uctuation in residuals as well. Just like the CS test, Shin's KPSS is based on partial sums of regression residuals. The CS test opts the maximal partial sum, while the KPSS test averages over all partial sums. Using similar arguments as those for the CS test, it can be shown that the relevant KPSS statistic 6 behaves as follows:
Conclusion
We have considered two residual based tests as means of testing for functional form in long-run cointegrating relations. A semiparametric approach was followed to induce limit distributions free of nuisance parameters. The limit distribution of the CM statistic is chi-square, while the limit distribution of the CS test statistic involves functionals of Brownian motion and is speci…c to the …tted model. We have shown that both test statistics diverge under FF misspeci…cation or lack of cointegration and explicit asymptotic power rates have been obtained. Divergence rates are bandwidth dependent and are n=M n for the …rst test and p n=M n for the second. The Monte Carlo experiment suggests that both tests perform reasonably well. The choice of the bandwidth parameter plays important role. If a small bandwidth parameter is selected, the tests have relatively good power properties but can be severely oversized, when the intensity of the errors is strong. Although Andrews' (1991) automatic methods are inappropriate in our framework, when combined with the Sul, Phillips and Choi (2005) rule for the selection of the autoregressive parameter, they provide a good compromise between size and power. In particular we …nd that it results in quite good size without causing a big reduction in the power of the tests, when the parameter ' is set equal to 0.1. The simulation results suggest that the CM test performs better for logarithmic and threshold alternatives. The CS test performs better for polynomial alternatives and under lack of cointegration. The simulation study of Hong and Phillips (2005) seems to suggest that the performance of the RESET test is comparable to performance of the tests considered here.
A …nding of this paper that is of importance, is that the DF test which is widely used as a cointegration test, performs very poorly under FF misspeci…cation. If the DF test is applied to the residuals of a model misspeci…ed in terms of FF, it favours stationarity, when in fact the residual process is nonstationary. The work of Park and Phillips (1998) provides some useful theoretical results that justify this.
The present theoretical framework is by no means exhaustive. Many speci…ca-tions that are appealing for applied econometric work are not included. In order to handle the more complicated asymptotic theory resulting from the introduction of weak dependence in the error structure of the model, the theoretical framework has been con…ned to continuously di¤erentiable transformations. In addition, many speci…cations of interest are nonlinear in parameters. Extensions to these directions may prove quite challenging. Some extensions to models nonlinear in parameters, are possible and are under development by the author. Moreover we expect that several other FF tests, apart from the CM, CS and RESET tests, are adequate means of testing for FF in a nonstationary framework. Therefore further future work is required, to assess the adequacy and relative performance of all these tests. (2005) show that quadratic form statistics have noncentral mixed chi-square limit distributions rather than ordinary chi-square distributions.
4. I would like to thank an anonymous referee for pointing out this problem. 5. In a preliminary simulation experiment we tried~ with ' = 0:5. We found that the size performance of the tests was very good, but power was poor.
6. KP SS n = n 
APPENDIX A (TECHNICAL RESULTS)
In this Appendix we provide some auxiliary results required to prove the main results of the paper. The proofs of our main results are provided in Appendix B below. For notational convenience, the sequence k f ( p n) relating to the asymptotic order of any H -regular function f will be written k n;f . Further, K; K and K are de…ned as follows: 
(c) Under Assumption 1 with b = 0 and Assumption 2(i)-(iiia):
= O e ckxk , as kxk ! 1, for some c > 0. Under
Assumption 1 and Assumption 2(i)-(ii), (iiib):
Remark A1: (a) The limit result of Lemma A1(c) is also shown by de Jong (2002), Saikkonen and Choi (2004) and Ibragimov and Phillips (2004) , under di¤erent smoothness conditions. Here we assume continuously di¤erentiable functions, which is a weaker condition than those used by Saikkonen and Choi (2004) and Ibragimov and Phillips (2005) . Further, the result can be established, when continuity is replaced by Assumption (iiib) with b = 0. The latter is a weaker smoothness condition than that of de Jong (2002), although the assumptions about the processes are more general in the aforementioned paper.
(b) The following one-sided analogs of Lemma A1(d) also hold:
Proof of Lemma A1. For part (a) notice that
Now, for any > 0,
and the result follows. Next, we prove part (b). First, we show that
Given this the result follows easily, since by Theorem 3.3 in Park and Phillips (2001),
By part (a) we get
Set C = sup r2[0;1] kV (r)k + 1. Then by (A1) and the strong approximation (e.g. Park and Phillips, 1999, Lemma 2.3) we have, for n large enough,
Further notice, that
for n large enough. The last inequality above follows from (A2). Further, kh f k C < 1 a:s:, as h f is locally bounded (see for example Park and Phillips, 2001 p.159) . Therefore, by the uniform continuity of h f (x) on kxk C and (A1) we get
and this completes the proof.
Part (c) can be proved using similar arguments to those used in the proof of part (b) above and part (d) below. A proof can be provided by the author upon request.
Finally, we show part (d). For purposes of brevity, we show the result for the left block of the sample sum. The proof for right block is identical. Write
By part (c), the …rst summand
Set P ;h = P h =1 1 fh > 0g P 0 =h 1 1 fh < 0g and x h t = x t + t P ;h v t+ , t = diag 1t ; :::; pt with it 's 2 [ 1; 1]. Then, by the mean value theorem, the second summand is
where the last equality can be established as follows. By part (a),
Therefore we have,
as n ! 1, given Assumption 2(iiib) and the fact that the expectation of the last term above is bounded by 4 kv t k 2 ku t k 2 < 1. In view of (A4) we can write,
: By Toeplitz's lemma and Theorem 3.3 of Park and Phillips (2001) , the …rst summand above
Moreover, it can be shown that
j+ 1 r j t j+1+r " t j I 1n;h + I 2n;h + I 3n;h :
It can be shown that I 1n;h ; I 2n;h ; and I 3n;h are asymptotically negligible uniformly over jhj n b . The proof for I 1n;h and I 2n;h is relatively easy. We show the result for I 3n;h . De…ne the lag polynomials B r (L),B r (L) by:
B rs :
P 1 j=0B rj t j+1+r " t j . Then, from second order Beveridge-Nelson decomposition (e.g. Phillips and Solo, 1992 equation (23)) on I 3n;h we get
First, we show that the …rst summand in (A8) is o p (1) uniformly in jhj n b . Without loss of generality assume that _ f (x t ) and ht are scalars. Then,
where the last inequality holds for n large enough. In addition, under our assumptions Park and Phillips, 2001, p.147) . Next,
Therefore, we get
Next, we show that T 2n = 0. Assume s > l, without loss of generality. Then we have
where the …rst equality above follows from dominated convergence. Therefore
In view of this and using the same arguments as those in (A5), it follows that the second terms in (A8) converges in probability to zero, uniformly in jhj n b .
Note that under the alternative hypothesis, some of the kernel estimators mentioned earlier are inconsistent. Before their limit behaviour is considered, some notation needs to be introduced. De…ne d = f g with f , g as in (1) and (3). Moreover denote by " " the index of the leading element(s) of d, which can be expressed as d = f g , and k d , k f , k g are the relevant asymptotic orders. We consider two scenarios:
Under S1 the leading misspeci…ed component behaves as in C1, while under S2 the behaviour of the leading misspeci…ed component is given by C2. Denote byâ LS the least squares estimator corresponding to the …tted model. Under FF misspeci…cation, we partition f as follows:
with f 2 being the components of f that have not been correctly speci…ed. The leading element(s) of f 2 is denoted as f 2 and its asymptotic order is k f 2 . The vector o is also partitioned as o = (
(iii) The vectors 1 , 2 , 3 , h 1 , h 2 , h 3 and the matrices _ H 1 , _ H 2 , _ H 3 , are:
The expressions in De…nition A(i) characterise the limit behaviour of the LS estimator under FF misspeci…cation and lack of cointegration. It is apparent from De…nition A(i) that under incorrect FF, the slope estimators do not always converge to the parameter of interest. For instance, when S1 holds, an individual slope estimator,â LS i , converges to oi only if g i dominates d in terms of asymptotic order. Generally, under FF misspeci…cation one of the following holds: a) The estimator may converge to the parameter of interest. b) It may converge to functionals of Brownian motion. c) It may vanish i.e. converge to zero. d) It may be unbounded in probability.
LEMMA A2. Let Assumption 1 hold. Then we have as, n ! 1 : (i) Under incorrect FF, when S1 holds,
where the second equality above is due to Lemma A1(d). By Remark A1(b) and using similar arguments as above, we get
Next, we …nd the order of^ uu . By Lemma A1(b,d) , it easy to show that
By (A9) and (A11) we havê
Next, we prove part (ii). For any two H -regular transformations T 1 and T 2 let
Using results for partitioned matrices it follows after some lengthy but straightforward algebraic manipulations that
where P 1 n p ! P 1 and P 2 n p ! P 2 with
Now similar arguments as those above give
The proof for (iii) is similar to that of (i) and (ii) and is therefore omitted.
APPENDIX B (PROOFS OF MAIN RESULTS)
Proof of Theorem 1. First, we show the result for the CM test.
Next notice that
where the last line is due to Theorem 3.3 of P&P, Lemma A1(c) and (A14). The result follows from the fact that V and U + are independent. The CS test statistic is:
The numerator above is:
by Theorem 3.3 of P&P and Lemma A2, the result follows.
Proof of Theorem 2. We will prove the result under incorrect FF, when S1 holds. The proof for the other cases is similar and will be omitted. Rearranging the expression for the FM-LS estimator and in view of (A10) and (A11), we get:
Recall that the CM test statistic is:
Consider …rst the numerator rescaled by (nk n;d k n;w ) 2 : 1 nk n;d k n;w 2 h X n t=1 n y 
Next, by Theorem 3.3 in Park and Phillips (2001) and (A13), the denominator rescaled by n:
In view of (A15) and (A16) we have CM n (n=M n ) h R 1 0 h 0 1 (V (r)) 1 h w (V (r))dr i 2 , which gives the requisite result.
For CS test note that the numerator of test statistic rescaled by p nk n;d max 1 k n nk n;d Proof of Lemma 2. We will show that the result under FF misspeci…cation, when C1 holds. The proof for the other cases is similar and therefore omitted. Denote by u(x t ) the regressions residuals from FM-LS estimation and without loss of generality assume that x t is scalar. From the proof of Lemma A3 we have that (nk n;d ) 1 P n t=1 u(x t ) = h u (V (r))dr + o p (1) and similarly de…ne _ u(x t ), • u(x t ), _ h u and • h u . First consider 2 1 = f P n t=2 u(x t ) (u(x t ) + u(x t 1 ))g f P n t=2 u(x t ) (u(x t ) u(x t 1 ))g f P n t=2 u(x t 1 ) 2 g 
